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Abstrat. Reently Dantas, Oliveira and Stilk [J. Stat. Meh. (2007) P08009℄
studied how the one-dimensional diusive ontat proess rosses over from the ritial
behavior of direted perolation to an eetive mean eld behaviour when the diusion
rate is sent to innity. They showed that this rossover an be desribed in terms of
a rossover exponent φ, nding the boundaries 3 ≤ φ ≤ 4 in one spatial dimension. In
the present work we rene and extend this result up to four spatial dimensions by a
eld-theoreti alulation and extensive numerial simulations.
PACS numbers: 05.50.+q, 05.70.Ln, 64.60.Ht
1. Introdution
In non-equilibrium statistial mehanis, the study of phase transition from utuating
phases into absorbing states ontinues to be a very ative eld [1℄. One of the most
important universality lasses of suh transitions is direted perolation (DP) [25℄,
whih is well understood and an be desribed in terms of a renormalizable eld
theory [6, 7℄. Although this universality lass plays a paradigmati role as the Ising
lass in equilibrium statistial mehanis, it was primarily of theoretial interest sine
experimental realizations seemed to be very diult [8℄. However, very reently Takeuhi
et al. [9℄ performed an experiment on the basis of turbulent liquid rystals, where the
ritial exponents of direted perolation ould be measured.
Direted perolation is most easily introdued as a spreading proess of diusing
partiles on a lattie whih multiply (A→ 2A) and self-annihilate (A→ ∅). Moreover,
the density of partiles is eetively limited by an exlusion priniple. One of the most
important models with random-sequential updates is the ontat proess [1℄ whih is
ontrolled by the rate for ospring prodution λ with a ritial point λc. The DP
universality lass is haraterized by three ritial exponents (β, ν‖, ν⊥) whih depend
only on the dimensionality of the system. In d = 1, 2, 3 spatial dimensions the exponents
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take non-trivial, probably irrational values. In d > 4 dimensions, however, the mean-
eld exponents β = ν‖ = 1 and ν⊥ = 1/2 beome exat. Right at the upper ritial
dimension dc = 4 there are additional logarithmi orretions.
The rossover to mean eld behavior for d > 4 is related to the fat that the diuse
mixing beomes more eient in high dimensions, suppressing utuation eets. An
alternative way to enhane diusive mixing, on whih we will fous in the present work,
is to inrease the diusion onstant D in a low-dimensional system. In most models
suh as the ontat proess, diusion is eetively inluded by the irumstane that
a partile reates ospring at an empty randomly hosen nearest-neighbour site. In
suh models the eetive diusion rate is xed but it is straight forward to add expliit
diusion of solitary partiles so that the diusion rate an be ontrolled.
By varying the diusion onstant in the ontat proess, one expets the following
phenomenology. Clearly, in the limitD →∞, where all sites are mutually oupled, mean
eld theory beomes exat. For a large but nite diusion onstant, however, one expets
a rossover at a typial length sale ξ
(c)
⊥ and an assoiated typial time sale ξ
(c)
‖ whih
grow with D. Below these sales, the proess exhibts an eetive mean-eld behavior
while it rosses over to DP on sales larger than ξ
(c)
⊥ and ξ
(c)
‖ . In addition, the ritial rate
for ospring prodution, λc(D), dereases with D and reahes the analytially known
mean eld value λc(∞) in the limit D →∞.
The inuene of the diusion rate on λc was rst studied by Konno [10℄ from a
mathematial point of view. He pointed out that the ritial threshold λc(D) approahes
the asymptoti value λc(∞) algebraially as
λc(D)− λc(∞) ∼ D−1/φ , (1)
where the rossover exponent φ = 3 in one, φ = 1 + log. corrections in two and φ = 1
in more than two spatial dimensions. More reently, by series expansion and partial
dierential approximants, Dantas et al. [11℄ found the boundaries 3 ≤ φ ≤ 4 for this
exponent. In the present work we desribe a pure eld theoreti approah whih allows
an easy alulation of the rossover exponents. Furthermore we present numerial results
for one to four spatial dimensions.
2. Field-theoretial approah
The diusive DP model is most easily desribed by a ontat proess dened by the
three miro proesses (i) reation of a partile on, (ii) hopping to one of the neighboring
plaes, and (iii) death of a partile whih take plae with rates λ, D and 1 respetively.
These dynami laws result in the oarse grained Langevin equation [12℄
∂
∂t
ρ (~x, t) =
D
2d
∆ρ (~x, t) + (λ− 1) ρ (~x, t)− λρ2 (~x, t) + ξ (~x, t) (2)
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with spatial dimension d, density of partiles ρ (~x, t) and multipliative noise ξ (~x, t)
with the orrelations
〈ξ (~x, t) ξ (~y, t′)〉 ∼ ρ (~x, t) δd (~x− ~y) δ (t− t′) . (3)
Based on this equation one an set up a eld theory by eliminating the noise and
introduing a response eld. After appropriate resaling of elds and parameters, the
eld theoreti ation reads (see [7℄ and referenes therein)
S =
∫
ddxdt
1
2
(
φ˜
∂
∂t
φ− φ ∂
∂t
φ˜
)
+
D
2d
(
∇φ˜
)(
∇φ
)
−φ˜κφ+g
(
φ˜φ2 − φ˜2φ
)
(4)
with density (response) elds φ (φ˜), ontrol parameter κ = λ − 1 and oupling g.
As seen from (4) the eld theory of DP involves a direted propagator and two ubi
interation vertexes with the same oupling strength g. Using these Feynman rules,
one an alulate the next order (one loop) orretions to propagator and vertexes. For
instane, the inverse propagator to one loop order is given by
Γ(1,1) (k, ω) = − +O (g4) . (5)
Naturally these loop orretions lead to divergent ontributions, whih reeive a physial
meaning upon applying a regularization and renormalization proedure. The divergenes
then appear as orretions to the meaneld saling exponents
ν⊥ =
1
2
+
ǫ
16
+O (ǫ)2 , ν‖ = 1 + ǫ
12
+O (ǫ)2 , β = 1− ǫ
6
+O (ǫ)2 (6)
where ǫ = 4− d. As expeted, the ritial exponents do not depend on the value of the
diusion rate.
To get an insight how the diusion rate D hanges the ritial reation rate λc, let
us onsider the eld theoreti alulation at the beginning. Due to onvergene problems
upon applying dimensional regularization, one is fored to replae the parameter κ by
mass m2 = κ− κc (D) where
κc = g
2
∫
ddq
D
2d
q2 − κc
with
√
2dκc/D < |q| < Ω (7)
is hosen in a way that m beomes zero at ritiallity [7℄. The lower boundary is given
by the fat, that for q smaller than
√
2dκc/D the propagator beomes zero. The upper
boundary Ω is a uto sale in momentum spae and should be sent to innity under
ontinued renormalization. Inserting the d-dimensional surfae element and expanding
the right hand side of (7) in powers of q one obtains an integral over a geometri series
κc =
4dπd/2g2
DΓ (d/2)
∫ Ω
√
2dκc/D
dq qd−3
∞∑
i=0
(
2dq−2κc
D
)i
. (8)
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Figure 1. Log-Log plot of λc (D) derived by Monte-Carlo simulation. The straight
lines show power laws, tted to the large D part of the numerial data.
By dimensional analysis one an show that for d < 2 only the lower boundary and for
d > 2 only the upper boundary ontributes to the integral. As we are interested in the
asymptoti behavior for large D, we may approximate the sum by the leading term 1.
Integrating the remaining part then yields the rossover behavior for dierent spatial
dimension
λc (D)− 1 ∼


D−
d
4−d for d < 2
logD
D
for d = 2
D−1 for d > 2
(9)
These results ompare very well to the preditions made in [10℄ but here they are
obtained in a muh simpler and diret way. From (9) we read o the rossover exponents
φ (d) =


3 for d = 1
1 + log. corrections for d = 2
1 for d ≥ 3
(10)
3. Numerial results
In order to substantiate these analytial results, we simulated the diusive ontat
proess on periodi d-dimensional latties using the following dynami rules: Selet a
random lattie site and if there is a partile perform one of the following moves:
(i) remove the seleted partile with probability 1/ (1 +D + λ),
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Figure 2. The same simulation results as in gure 1 ompared to the numerially
integrated preditions of eq. (7) (solid lines). Sine the iteration beomes unstable for
small diusion rate, this region is not aessible by this approah.
(ii) reate a partile on a randomly hosen neighbouring site with prob. λ/ (1 +D + λ)
if this site is empty, or
(iii) move the partile to randomly seleted neighbouring site with prob. D/ (1 +D + λ)
if this site is empty.
For various values of the diusion rate D we measured the partile density in a system
starting with a fully oupied lattie and averaged over at least 20 independent runs.
By varying the reation rate λ and searhing for a power law deay we determined the
ritial threshold λc as a funtion of D. These ritial lines for one, two, three and four
spatial dimensions are shown in gure 1. The plots learly indiate the expeted power
law behavior for large diusion rates and the exponents are in good agreement with our
analytial results. For small D, however, the observed deviations from a pure power law
are not very surprising beause the diusion length beomes omparable to the lattie
spaing.
So far we veried the predited asymptoti behavior (9). In order to investigate
the next-leading orretions of the geometri series, we integrate (8) numerially and
ompare it with the results of the simulations (gure 2). Although for small D this
solution is plagued by numerial instabilities rendering the results unusable, the reader
should notie that for spatial dimension d = 1 the numerial integration beomes almost
exat over at least two deades and does not show the lift o behavior like in other
dimensions.
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4. Conluding remarks
In this paper we have presented a simple eld-theoreti alulation and extensive
numerial simulations in order to investigate how the ritial parameter depend on the
diusion rate of a DP proess in various dimensions. Our eld-theoretial result onrms
previous results by Konno [10℄, derived here in a muh simpler way. Moreover we
have presented numerial results whih are in agreement with these preditions, rening
previous results by Dantas et al. [11℄ and extending them to higher spae dimensions
up to d = 4. Espeially in one spatial dimension, the eld-theoreti predition to one
loop order, when evaluated numerially, oinides almost perfetly with the Monte Carlo
estimates. This is surprising sine one expets loop orretions to be more relevant in
lower dimensions.
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